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HILBERT SERIES AND INVARIANTS IN EXTERIOR
ALGEBRAS
ELITZA HRISTOVA
Abstract. In this paper, we consider the exterior algebra Λ(W ) of a polyno-
mial GL(n)-moduleW and use previously developed methods to determine the
Hilbert series of the algebra of invariants Λ(W )G, where G is one of the clas-
sical complex subgroups of GL(n), namely SL(n), O(n), SO(n), or Sp(2d) (for
n = 2d). Since Λ(W )G is finite dimensional, we apply the described method
to compute a lot of explicit examples. For Λ(S3C3)SL(3), using the computed
Hilbert series, we obtain an explicit set of generators.
1. Introduction
Let GL(n) denote the complex general linear group and let W be a finite dimen-
sional polynomial GL(n)-module. Then W can be written as a direct sum of its
irreducible components
W =
⊕
λ
k(λ)V nλ ,
where λ = (λ1, . . . , λn) ∈ N
n
0 , λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0, is a non-negative integer
partition (here N0 = {0, 1, 2, . . .}) and V
n
λ denotes the irreducible GL(n)-module
with highest weight λ. Let A =
⊕
i≥0 A
i be a finitely generated graded algebra
over C for which each homogeneous component Ai is a polynomial GL(n)-module.
In the papers [5, 6], Drensky and the author develop a method for determining
the Hilbert series of the algebra of invariants AG, where G is one of the classical
complex groups O(n), SO(n), and Sp(2d) (the last in the case when n = 2d).
These results can be easily extended to the case G = SL(n) using an earlier work of
Drensky and other authors [1]. A general class of examples of an algebra A with the
above properties is given by the quotient T (W )/I, where T (W ) denotes the tensor
algebra of a polynomial GL(n)-moduleW and I is a GL(n)-invariant ideal in T (W ).
This class includes the symmetric and exterior algebras of W , S(W ) and Λ(W ), as
well as the class of relatively free algebras in varieties of associative algebras. In
the papers [5, 6], Drensky and the author use the developed method to study the
Hilbert series H(AG, t) for A being the symmetric algebra S(W ) and for certain
relatively free algebras with the property that their varieties are the only minimal
varieties of exponent 2. In the present paper, we consider the case A = Λ(W )
and study the algebra of invariants Λ(W )G, where G is again one of SL(n), O(n),
SO(n), and Sp(2d). The case A = Λ(W ) is remarkable with the property that the
considered Hilbert series are polynomials, which allows for explicit computation of
a lot of examples. Invariants in exterior algebras for different actions of classical
groups and related problems are the topic of many recent papers, see, e.g., [3, 4, 8].
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The present paper is organized as follows. In Section 2 we give a brief introduc-
tion to the general method for determining Hilbert series which is developed in [6].
In Section 3 we describe how the general method is applied to A = Λ(W ) and in
Section 4 we take concrete examples of W and compute explicitly the respective
Hilbert series. The results are given in Tables 1-9 and in Example 4.2. In some
cases, we use the computed Hilbert series to describe also a set of generators of the
respective algebra of invariants (see Example 4.3). Since for most of the examples
we use computer programs written in Mathematica, in the Appendix we provide a
part of the source code.
2. Preliminaries
The ground field is C. We start by recalling the notion of Hilbert series, which
applies to finitely generated graded algebras (resp., vector spaces) over C.
Definition 2.1. Let A =
⊕
i≥0
Ai be a finitely generated graded algebra (or a vector
space) over C such that A0 = C or A0 = 0. The Hilbert series of A is the formal
power series
H(A, t) =
∑
i≥0
(dimAi)ti.
The next definition is a generalization of the notion of Hilbert series for multi-
graded algebras (resp., for multigraded vector spaces).
Definition 2.2. Let
A =
⊕
µ∈Nn
0
A(µ)
be a finitely generated algebra or vector space with an Nn0 -grading. The Hilbert
series of A with respect to this grading is the formal power seriesH(A, x1, . . . , xn) ∈
Z[[x1, . . . , xn]] defined by
H(A, x1, . . . , xn) =
∑
µ=(µ1,...,µn)∈Nn0
dimA(µ)xµ11 · · ·x
µn
n .
One example of a vector space with an Nn0 -grading is the GL(n)-module V
n
λ
together with its weight space decomposition. The Hilbert series of V nλ with respect
to this grading coincides with the character χV n
λ
(x1, . . . , xn) of V
n
λ and consequently
has the form
H(V nλ , x1, . . . , xn) = χV nλ (x1, . . . , xn) = Sλ(x1, . . . , xn),
where Sλ(x1, . . . , xn) is the Schur polynomial corresponding to the partition λ.
Similarly, each polynomial GL(n)-module W also has an Nn0 -grading and a corre-
sponding Hilbert series which is equal to the character of W .
Next, as in the Introduction, we consider the special class of finitely generated
graded algebras A =
⊕
i≥0
Ai, such that each homogeneous component Ai for i ≥ 0 is
a polynomial GL(n)-module. Equivalently, A can be defined as an arbitrary direct
sum of polynomial GL(n)-modules. Then, we can write the decomposition of A in
the following way:
A =
⊕
i≥0
Ai =
⊕
i≥0
⊕
λ
mi(λ)Vλ,
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where Ai =
⊕
λmi(λ)Vλ is the decomposition of A
i into irreducible GL(n)-modules
and the sum runs over all partitions λ in Nn0 . Hence, A has two gradings – the
N0-grading coming from the decomposition into homogeneous components and an
Nn0 -grading coming from the N
n
0 -grading of each homogneous component. Following
[1, 5, 6], we introduce a Hilbert series of A which takes into account both gradings:
H(A;x1, . . . , xn, t) =
∑
i≥0
H(Ai, x1, . . . , xn)t
i =
∑
i≥0
(∑
λ
mi(λ)Sλ(x1, . . . , xn)
)
ti.
Let Sn denote the symmetric group in n variables. Then, H(A;x1, . . . , xn, t) ∈
Z[[x1, . . . , xn]]
Sn [[t]], i.e., the coefficient in front of ti for each i ≥ 0 is a symmetric
function in the variables x1, . . . , xn. For any symmetric function f(x1, . . . , xn) ∈
C[[x1, . . . , xn]]
Sn , one can define the notion of multiplicity series (see, e.g., [1]).
Following [1, 5, 6], we introduce a generalization of the notion of multiplicity se-
ries for functions f(x1, . . . , xn, t) in C[[x1, . . . , xn]]
Sn [[t]]. Let f(x1, . . . , xn, t) ∈
C[[x1, . . . , xn]]
Sn [[t]], i.e., f(x1, . . . , xn, t) can be written as
f(x1, . . . , xn, t) =
∑
i≥0
(∑
λ
ci(λ)Sλ(x1, . . . , xn)
)
ti,
where ci(λ) ∈ C and the second sum runs over all partitions λ ∈ N
n
0 . The multi-
plicity series of f(x1, . . . , xn, t) is defined by:
(1) M(f ;x1, . . . , xn, t) =
∑
i≥0
(∑
λ
ci(λ)x
λ1
1 · · ·x
λn
n
)
ti.
By the change of variables v1 = x1, v2 = x1x2, . . . , vn = x1 · · ·xn, we rewrite the
above multiplicity series in the following form:
M ′(f ; v1, . . . , vn, t) =
∑
i≥0
(∑
λ
ci(λ)v
λ1−λ2
1 v
λ2−λ3
2 · · · v
λn−1−λn
n−1 v
λn
n
)
ti.(2)
For any subgroup G of GL(n), the algebra of invariants AG inherits the N0-
grading of A and therefore one can study the Hilbert series H(AG, t). The following
theorem, given in [6], shows the relation between H(AG, t) and the multiplicity
series of H(A;x1, . . . , xn, t) defined by (1) and (2).
Theorem 2.3 ([6]). Let A =
⊕
i≥0
Ai be a finitely generated graded algebra, such
that each homogeneous component Ai for i ≥ 0 is a polynomial GL(n)-module.
(i) The Hilbert series of the algebra of invariants ASL(n) is given by
H(ASL(n), t) = M ′(H(A); 0, . . . , 0, 1, t).
(ii) The Hilbert series of ASp(2d) (where n = 2d) is given by
H(ASp(2d), t) = M ′(H(A); 0, 1, 0, 1, . . . , 0, 1, t).
(iii) The Hilbert series of AO(n) is
H(AO(n), t) =Mn(t),
where Mn is defined iteratively in the following way:
M1(x2, . . . , xn, t) =
1
2
(M(H(A);−1, x2, . . . , xn, t) +M(H(A); 1, x2, . . . , xn, t)) ,
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M2(x3, . . . , xn, t) =
1
2
(M1(−1, x3, . . . , xn, t) +M1(1, x3, . . . , xn, t))
· · · · · · · · ·
Mn(t) =
1
2
(Mn−1(−1, t) +Mn−1(1, t)).
(iv) The Hilbert series of ASO(n) is
H(ASO(n), t) = M ′n(t),
where
M ′1(v2, . . . , vn, t) =
1
2
(M ′(H(A);−1, v2, . . . , vn, t) +M
′(H(A); 1, v2, . . . , vn, t)),
M ′2(v3, . . . , vn, t) =
1
2
(M ′1(−1, v3, . . . , vn, t) +M
′
1(1, v3, . . . , vn, t))
· · · · · · · · ·
M ′n−1(vn, t) =
1
2
(M ′n−2(−1, vn, t) +M
′
1(1, vn, t)),
M ′n(t) = M
′
n−1(1, t).
3. The algebra of invariants Λ(W )G
In this section we show how Theorem 2.3 can be applied to determine the Hilbert
series of AG for A = Λ(W ).
Let W be a p-dimensional polynomial GL(n)-module, let ξ1, . . . , ξp be a ba-
sis of W consisting of weight vectors, and let α1 = (α11, . . . , α1n), . . . , αp =
(αp1, . . . , αpn) denote the corresponding weights (with possible repetitions). The
Hilbert series of W with respect to the Nn0 -grading given by the weight space de-
composition of W is equal to the character χW of W and hence
H(W,x1, . . . , xn) =
p∑
j=1
x
αj1
1 · · ·x
αjn
n .
Similarly, the Hilbert series H(Λk(W ), x1, . . . , xn) of Λ
k(W ) for 0 ≤ k ≤ p is
equal to the character χΛk(W ). It is a standard fact (see, e.g., [7]) that if W = V ,
where V denotes the natural representation of GL(n), the character of Λk(V ) is
equal to the k-th elementary symmetric polynomial, i.e.,
χΛk(V )(x1, . . . , xn) = Ek(x1, . . . , xn) =
∑
1≤s1<···<sk≤n
xs1 · · ·xsk .
Using the above formula, one shows that
H(Λk(W ), x1, . . . , xn) =
∑
1≤s1<···<sk≤n
(x
αs11
1 · · ·x
αs1n
n ) · · · (x
αsk1
1 · · ·x
αskn
n ).
Therefore,
H(Λ(W ), x1, . . . , xn, t) =
p∏
j=1
(1 + x
αj1
1 · · ·x
αjn
n t).(3)
Lemma 3 from [2] describes a way to determine the multiplicity series of each
symmetric function f(x1, . . . , xn) ∈ C[[x1, . . . , xn]]
Sn (see also Lemma 1.1 from [1]).
The following lemma is a direct generalization for functions in C[[x1, . . . , xn]]
Sn [[t]].
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Lemma 3.1. Let X = {x1, . . . , xn} and let f(X, t) ∈ C[[X ]]
Sn [[t]]. Let
g(X, t) = f(X, t)
∏
i<j
(xi − xj) =
∑
i≥0
(
∑
rij≥0
αi(ri1 , . . . , rin)x
ri1
1 · · ·x
rin
n )t
i,
for some αi(ri1 , . . . , rin) ∈ C. Then the multiplicity series of f(X, t) is given by
M(f ;x1, . . . , xn, t) =
1
xn−11 x
n−2
2 · · ·x
2
n−2xn−1
∑
i≥0
(
∑
rij>rij+1
αi(ri1 , . . . , rin)x
ri1
1 · · ·x
rin
n )t
i,
where the sum is over all ri = (ri1 , . . . , rin) such that ri1 > ri2 > · · · > rin .
In the next section, we use this general procedure for concrete choices of W .
4. Examples
Let V = Cn denote the natural GL(n)-module and let again G be one of SL(n),
O(n), SO(n), and Sp(2d) (for n = 2d). In the first set of examples, we consider the
module W = SkV , for k ≥ 3, and determine the Hilbert series H(Λ(W )G, t) for
fixed values of n and k. The case k = 2 is not included in the consideration, since
explicit expressions for H(Λ(S2V )G, t) and H(Λ(Λ2V )G, t) for all n are already
obtained in [5].
We notice first that when W = SkV , Equation (3) implies that
H(Λ(SkV ), x1, . . . , xn, t) =
∏
i1+···+in=k
(1 + xi11 · · ·x
in
n t).
In the simplest case, when n = 2 and k = 3, we show the computation of
H(Λ(SkV )G, t) in the following example.
Example 4.1. Let n = 2 and W = S3V , where V = C2. Then
H(Λ(S3V ), x1, x2, t) = (1 + x
3
1t)(1 + x
3
2t)(1 + x
2
1x2t)(1 + x1x
2
2t).
Using Lemma 3.1 we obtain that
M(H(Λ(S3V ));x1, x2, t) = 1 + x
3
1t+ x
3
1x
3
2t
2 + x51x2t
2 + x61x
3
2t
3 + x61x
6
2t
4.
By definition, the multiplicity series M(H(Λ(S3V ));x1, x2, t) carries the informa-
tion about the GL(2)-structure of Λ(S3V ). Hence, in the notations from the Intro-
duction, we obtain the following decomposition of Λ(S3V ) as a GL(2)-module
Λ(S3V ) ∼= C⊕ S3V ⊕ (V 2(3,3) ⊕ V
2
(5,1))⊕ V
2
(6,3) ⊕ V
2
(6,6).
In particular, Λ2(S3V ) ∼= V 2(3,3) ⊕ V
2
(5,1), Λ
3(S3V ) ∼= V 2(6,3) and Λ
4(S3V ) ∼= V 2(6,6).
Next, using Theorem 2.3 we determine the following expressions forH(Λ(S3V )G, t):
H(Λ(S3V )SL(2), t) = H(Λ(S3V )Sp(2), t) = 1 + t2 + t4;
H(Λ(S3V )O(2), t) = 1 + t4;
H(Λ(S3V )SO(2), t) = 1 + 2t2 + t4.
For computing further examples we have written short programs in Mathematica
(respectively for n = 2,3,4, and 5 variables) and in Tables 1-6 below and in Example
4.2 we give the corresponding expressions for the Hilbert series.
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Table 1. Hilbert series for n = 2
k H(Λ(SkV )SL(2), t)
3 1 + t2 + t4
4 1 + t5
5 1 + t2 + t4 + t6
6 1 + t3 + t4 + t7
7 1 + t2 + t4 + t6 + t8
8 1 + t4 + t5 + t9
9 1 + t2 + 2t4 + 2t6 + t8 + t10
10 1 + t3 + t4 + t7 + t8 + t11
11 1 + t2 + 2t4 + 3t6 + 2t8 + t10 + t12
12 1 + 2t4 + 2t5 + 2t8 + 2t9 + t13
13 1 + t2 + 2t4 + 4t6 + 4t8 + 2t10 + t12 + t14
14 1 + t3 + 2t4 + 4t7 + 4t8 + 2t11 + t12 + t15
15 1 + t2 + 3t4 + 6t6 + 7t8 + 6t10 + 3t12 + t14 + t16
16 1 + 2t4 + 3t5 + 8t8 + 8t9 + 3t12 + 2t13 + t17
17 1 + t2 + 3t4 + 8t6 + 12t8 + 12t10 + 8t12 + 3t14 + t16 + t18
18 1 + t3 + 3t4 + 10t7 + 13t8 + 5t9 + 5t10 + 13t11 + 10t12 + 3t15 + t16 + t19
19 1 + t2 + 3t4 + 10t6 + 20t8 + 24t10 + 20t12 + 10t14 + 3t16 + t18 + t20
20 1 + 3t4 + 4t5 + t6 + 4t7 + 22t8 + 28t9 + 13t10 + 13t11 + 28t12 + 22t13 + 4t14+
t15 + 4t16 + 3t17 + t21
Table 2. Hilbert series for n = 2
k H(Λ(SkV )O(2), t) H(Λ(SkV )SO(2), t)
3 1 + t4 1 + 2t2 + t4
4 1 + t+ t4 + t5 1 + t+ 2t2 + 2t3 + t4 + t5
5 1 + 3t4 1 + 3t2 + 3t4 + t6
6 1 + t+ t3 + 4t4 + 3t5 1 + t+ 3t2 + 5t3 + 5t4 + 3t5 + t6 + t7
7 1 + 7t4 + t8 1 + 4t2 + 8t4 + 4t6 + t8
8 1 + t+ 2t3 + 9t4 + 9t5 + 2t6+ 1 + t+ 4t2 + 8t3 + 12t4 + 12t5 + 8t6+
t8 + t9 4t7 + t8 + t9
9 1 + 14t4 + 4t6 + 5t8 1 + 5t2 + 18t4 + 18t6 + 5t8 + t10
10 1 + t+ 4t3 + 17t4 + 21t5 + 11t6+ 1 + t+ 5t2 + 13t3 + 24t4 + 32t5 + 32t6+
7t7 + 9t8 + 5t9 24t7 + 13t8 + 5t9 + t10 + t11
11 1 + 24t4 + 19t6 + 24t8 + t12 1 + 6t2 + 33t4 + 58t6 + 33t8 + 6t10 + t12
12 1 + t+ 6t3 + 29t4 + 44t5 + 37t6+ 1 + t+ 6t2 + 18t3 + 43t4 + 73t5 + 94t6+
37t7 + 44t8 + 29t9 + 6t10+ 94t7 + 73t8 + 43t9 + 18t10 + 6t11+
t12 + t13 t12 + t13
13 1 + 38t4 + 58t6 + 93t8+ 1 + 7t2 + 55t4 + 151t6 + 151t8 + 55t10+
17t10 + 7t12 7t12 + t14
14 1 + t+ 9t3 + 45t4 + 81t5 + 96t6+ 1 + t+ 7t2 + 25t3 + 69t4 + 141t5 + 227t6+
127t7 + 162t8 + 131t9 + 60t10+ 289t7 + 289t8 + 227t9 + 141t10 + 69t11+
24t11 + 16t12 + 7t13 25t12 + 7t13 + t14 + t15
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Table 3. Hilbert series for n = 3
k H(Λ(SkV )SL(3), t)
3 1 + t3 + t7 + t10
4 1 + t6 + t9 + t15
5 1 + t3 + t6 + t9 + t12 + t15 + t18 + t21
6 1 + t5 + 2t6 + t7 + t8 + 6t9 + 7t10 + 6t11 + 8t12 + 13t13 + 16t14 + 13t15 + 8t16+
6t17 + 7t18 + 6t19 + t20 + t21 + 2t22 + t23 + t28
Table 4. Hilbert series for n = 3
k H(Λ(SkV )O(3), t) H(Λ(SkV )SO(3), t)
3 1 + 2t4 + 2t6 + t10 1 + 3t3 + 2t4 + 2t6 + 3t7 + t10
4 1 + t+ 3t4 + 12t5 + 15t6 + 8t7 + 8t8+ 1 + t+ 3t4 + 12t5 + 15t6 + 8t7 + 8t8+
15t9 + 12t10 + 3t11 + t14 + t15 15t9 + 12t10 + 3t11 + t14 + t15
5 1 + 10t4 + 60t6 + 158t8 + 294t10+ 1 + 7t3 + 10t4 + 15t5 + 60t6 + 125t7+
210t12 + 125t14 + 15t16 + 7t18 158t8 + 210t9 + 294t10 + 294t11+
210t12 + 158t13 + 125t14 + 60t15+
15t16 + 10t17 + 7t18 + t21
Table 5. Hilbert series for n = 4
k H(Λ(SkV )SL(4), t) H(Λ(SkV )Sp(4), t)
3 1 + t4 + t8 + t12 + t16 + t20 1 + t2 + 3t4 + 4t6 + 7t8 + 7t10+
7t12 + 4t14 + 3t16 + t18 + t20
4 1 + t5 + t8 + t9 + t10 + 4t13+ 1 + t4 + 5t5 + 2t6 + 2t7 + 22t8 + 55t9+
3t14 + t15 + 3t16 + 4t17 + 4t18+ 79t10 + 106t11 + 207t12 + 383t13+
3t19 + t20 + 3t21 + 4t22 + t25+ 490t14 + 528t15 + 651t16 + 804t17+
t26 + t27 + t30 + t35 804t18 + 651t19 + 528t20 + 490t21+
383t22 + 207t23 + 106t24 + 79t25 + 55t26+
22t27 + 2t28 + 2t29 + 5t30 + t31 + t35
Table 6. Hilbert series for n = 4
k H(Λ(SkV )O(4), t) H(Λ(SkV )SO(4), t)
3 1 + 2t4 + 3t6 + 15t8 + 8t10 + 15t12+ 1 + 7t4 + 4t6 + 30t8 + 16t10 + 30t12+
t14 + 5t16 4t14 + 7t16 + t20
Example 4.2. Hilbert series of Λ(S3V )G for n = 5:
H(Λ(S3V )SL(5), t) = 1 + t5 + t30 + t35;
H(Λ(S3V )O(5), t) =1 + 2t4 + 3t6 + 24t8 + 79t10 + 198t12 + 461t14 + 592t16+
741t18 + 488t20 + 359t22 + 106t24 + 56t26 + 3t28 + 7t30;
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H(Λ(S3V )SO(5), t) = 1 + 2t4 + 7t5 + 3t6 + 3t7 + 24t8 + 56t9 + 79t10 + 106t11+
198t12 + 359t13 + 461t14 + 488t15 + 592t16 + 741t17 + 741t18 + 592t19+
488t20 + 461t21 + 359t22 + 198t23 + 106t24 + 79t25 + 56t26 + 24t27 + 3t28+
3t29 + 7t30 + 2t31 + t35.
Example 4.3. The results in Table 3 show that Λ(S3V )SL(3) is generated by a
pair {v, ∗v}, where v is a certain element in Λ3(S3V ) and ∗v is the Hodge dual of
v, i.e. the unique element in Λ7(S3V ) such that
v ∧ ∗v = 〈v, v〉 vol,
where 〈·, ·〉 is the inner product on Λ3(S3V ), which is induced by the standard inner
product on V = C3, and vol is a chosen volume form on S3V . In this example, we
give explicit expressions for v and ∗v.
Let {e1, e2, e3} denote the standard basis for V = C
3. Then a basis for V ⊗3
is given by the elements {ei ⊗ ej ⊗ ek}{1≤i,j,k≤3}. We consider the standard sym-
metrization mapping on V ⊗3, defined by
S : V ⊗3 → V ⊗3
S(ei ⊗ ej ⊗ ek) =
1
3!
∑
σ∈S3
eσ(i) ⊗ eσ(j) ⊗ eσ(k),
where S3 denotes again the symmetric group in 3 variables. Using the standard
notation eiejek = S(ei ⊗ ej ⊗ ek), a basis for S
3V = imS is given by the following
ten elements:
a1 = e
3
1, a2 = e
3
2, a3 = e
3
3, a4 = e
2
1e2, a5 = e
2
1e3,
a6 = e
2
2e3, a7 = e1e
2
2, a8 = e1e
2
3, a9 = e2e
2
3, a10 = e1e2e3.
Next, the following map
f : V ⊗3p → Λp(S3V )
given by
ei1 ⊗ ej1 ⊗ ek1 ⊗ · · · ⊗ eip ⊗ ejp ⊗ ekp 7→ ei1ej1ek1 ∧ · · · ∧ eipejpekp
is a surjective homomorphism of GL(3)-modules for any p ≥ 1. Thus, any SL(3)-
invariant in Λp(S3V ) comes from an SL(3)-invariant in V ⊗3p. In particular, for
p = 3, we take v to be the image of the element Std3(e1, e2, e3)⊗ Std3(e1, e2, e3)⊗
Std3(e1, e2, e3), where
Std3(e1, e2, e3) =
∑
σ∈S3
sign(σ)eσ(1) ⊗ eσ(2) ⊗ eσ(3)
is the standard polynomial of degree 3. Explicitly, we obtain
v =a1 ∧ a2 ∧ a3 − 3a3 ∧ a4 ∧ a7 − 3a1 ∧ a6 ∧ a9 + 3a2 ∧ a5 ∧ a8+
6a7 ∧ a8 ∧ a10 − 6a4 ∧ a9 ∧ a10 + 6a5 ∧ a6 ∧ a10+
3a5 ∧ a7 ∧ a9 + 3a4 ∧ a6 ∧ a8.
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Then, if we choose vol = a1 ∧ a2 ∧ · · · ∧ a10, for ∗v we obtain
∗v =a4 ∧ a5 ∧ a6 ∧ a7 ∧ a8 ∧ a9 ∧ a10 −
1
3
a1 ∧ a2 ∧ a5 ∧ a6 ∧ a8 ∧ a9 ∧ a10−
−
1
3
a2 ∧ a3 ∧ a4 ∧ a5 ∧ a7 ∧ a8 ∧ a10 −
1
3
a1 ∧ a3 ∧ a4 ∧ a6 ∧ a7 ∧ a9 ∧ a10−
−
1
9
a1 ∧ a2 ∧ a3 ∧ a4 ∧ a5 ∧ a6 ∧ a9 +
1
9
a1 ∧ a2 ∧ a3 ∧ a5 ∧ a6 ∧ a7 ∧ a8−
−
1
9
a1 ∧ a2 ∧ a3 ∧ a4 ∧ a7 ∧ a8 ∧ a9 −
1
9
a1 ∧ a2 ∧ a3 ∧ a4 ∧ a6 ∧ a8 ∧ a10+
+
1
9
a1 ∧ a2 ∧ a3 ∧ a5 ∧ a7 ∧ a9 ∧ a10.
Remark 4.4. Similarly, the results in Tables 1, 3, and 5 show that Λ(S5V )SL(2),
Λ(S6V )SL(2), Λ(S8V )SL(2), Λ(S4V )SL(3), and Λ(S3V )SL(5) are generated each by a
pair {v, ∗v} and these pairs are obtained in an analogous way to Example 4.3.
In the next set of examples, we consider W = Λ3V . Then, Equation (3) implies
that
H(Λ(Λ3V ), x1, . . . , xn, t) =
∏
1≤i<j<j≤n
(1 + xixjxkt).
In Tables 7-9 below, we give the expressions for H(Λ(Λ3V )G, t), for n = 5, 6.
Table 7. Hilbert series for n = 5
H(Λ(Λ3V )SL(5), t) H(Λ(Λ3V )O(5), t) H(Λ(Λ3V )SO(5), t)
1 + t10 1 + t10 1 + t3 + t7 + t10
Table 8. Hilbert series for n = 6
H(Λ(Λ3V )SL(6), t) H(Λ(Λ3V )Sp(6), t)
1 + t2 + t4 + t6 + t8 + t10 + t12+ 1 + 2t2 + 4t4 + 5t6 + 5t8 + 5t10 + 5t12+
t14 + t16 + t18 + t20 5t14 + 4t16 + 2t18 + t20
Table 9. Hilbert series for n = 6
H(Λ(Λ3V )O(6), t) H(Λ(Λ3V )SO(6), t)
1 + t4 + 2t8 + 3t10 + 2t12 + t16 + t20 1 + t2 + t4 + 2t6 + 2t8 + 8t10 + 2t12+
2t14 + t16 + t18 + t20
Remark 4.5. In a similar way, further results forH(Λ(SkV )G, t) andH(Λ(ΛkV )G, t)
for larger k and for larger n can be obtained. These results are not included in the
paper only in order to avoid too complicated expressions for the respective Hilbert
series.
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5. Appendix
Below we provide the source code of the program in Mathematica for determining
the Hilbert series H(Λ(SkV )G, t) for V = C2 and G = SL(2), O(2), and SO(2).
The value of k should be chosen in the beginning of the program.
k = 3; H = x - y;
For[i = 0, i <= k, i++, H = Expand[H*(1 + x^(k - i)*y^i*t)]];
M = CoefficientRules[H, {x, y}]; L = {};
For[i = 1, i <= Length[M], i++,
If[M[[i]][[1]][[1]] > M[[i]][[1]][[2]], L = Append[L, M[[i]]]]];
MultSeries = FromCoefficientRules[L, {x, y}];
MultSeries = Expand[MultSeries*1/x];
Print["Multiplicity Series = " MultSeries];
M1 = CoefficientRules[MultSeries, {x, y}]; L1 = {};
For[i = 1, i <= Length[M1], i++,
If[M1[[i]][[1]][[1]] == M1[[i]][[1]][[2]], L1 = Append[L1, M1[[i]]]]];
InvariantsSL = FromCoefficientRules[L1, {x, y}];
InvariantsSL = InvariantsSL /. x -> 1;
InvariantsSL = InvariantsSL /. y -> 1;
Print["Hilbert series of SL-invariants =" InvariantsSL];
L2 = {}; For[i = 1, i <= Length[M1], i++,
If[EvenQ[M1[[i]][[1]][[1]]] && EvenQ[M1[[i]][[1]][[2]]],
L2 = Append[L2, M1[[i]]]]];
InvariantsO = FromCoefficientRules[L2, {x, y}];
InvariantsO = InvariantsO /. x -> 1;
InvariantsO = InvariantsO /. y -> 1;
Print["Hilbert series of O-invariants =" InvariantsO];
For[i = 1, i <= Length[M1], i++,
If[OddQ[M1[[i]][[1]][[1]]] && OddQ[M1[[i]][[1]][[2]]],
L2 = Append[L2, M1[[i]]]]];
InvariantsSO = FromCoefficientRules[L2, {x, y}];
InvariantsSO = InvariantsSO /. x -> 1;
InvariantsSO = InvariantsSO /. y -> 1;
Print["Hilbert series of SO-invariants =" InvariantsSO]
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